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Previously on COMP547
• Motivation & Definition of Implicit Models

• Original GAN (Goodfellow et al, 2014)

• Evaluation: Parzen, Inception, Fréchet

• Theory of GANs

• GAN Progression

• Conditional GANs, Cycle-Consistent 
Adversarial Networks

• GANs and Representations

• Applications
image: Oleg Soroko2

Artificial faces synthesized by StyleGAN (Nvidia)



Lecture overview
• Energy-based models

• Score-based Models

• Denoising Diffusion Models

Disclaimer: Much of the material and slides for this lecture were borrowed from 
—Stefano Ermon and Aditya Grover’s Stanford CS236 class
—Yang Song and Stefano Ermon’s talk titled "Generative Modeling by Estimating Gradients of the Data Distribution"
—Jascha Sohl-Dickstein’s talk "Deep Unsupervised Learning using Nonequilibrium Thermodynamics"
—Sangwoo Mo’s talk titled “Introduction to Diffusion Models”
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https://yang-song.github.io/blog/2021/score/

https://yang-song.github.io/blog/2021/score/


Lecture overview
• Energy-based models

– Parametrizing probability distributions

– Energy-based generative modeling

– Ising Model, Product of Experts, Restricted Boltzmann machine, 
Deep Boltzman Machines

– Training and sampling from EBMs

• Score-based Models

• Denoising Diffusion Models
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Parameterizing probability distributions 
• Probability distributions           are a key building block in generative 

modeling.
1. Non-negative:

2. Sum-to-one:                               (or                           for continuous variables)

• Coming up with a non-negative function             is not hard.
Given any function           , we can choose

–

–

–

–

6

p(x)

<latexit sha1_base64="itwuJyMfveoDjexxxIBGJKHo8U4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquVPRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlx9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh59drlfb3SuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHfj2N4w==</latexit>

p(x) � 0

<latexit sha1_base64="zdylnk3ahWb34K3J+FVbzHztsm8=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUS9mVih6LXjxWsB+wXUo2zbah2WRNsmJZ+jO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3Uz99iNVmklxb8YJDWI8ECxiBBsr+Unl6Qx1B/QBub1S2a26M6Bl4uWkDDkavdJXty9JGlNhCMda+56bmCDDyjDC6aTYTTVNMBnhAfUtFTimOshmJ0/QqVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP89PTXQVZEwkqaGCzBdFKUdGoun/qM8UJYaPLcFEMXsrIkOsMDE2paINwVt8eZm0zqterXpxVyvXr/M4CnAMJ1ABDy6hDrfQgCYQkPAMr/DmGOfFeXc+5q0rTj5zBH/gfP4ApZWQMg==</latexit>

P
x p(x) = 1

<latexit sha1_base64="ArpBq78uhxY0UsAPt1O/AlCaSXk=">AAAB+XicbVDLSgMxFM34rONr1KWbYCnUTZkRRTdC0Y3LCvYB7TBk0kwbmmSGJFNahv6JLlwo4tY/caN+iHvTx0JbD1w4nHMv994TJowq7bpf1tLyyuraem7D3tza3tl19vZrKk4lJlUcs1g2QqQIo4JUNdWMNBJJEA8ZqYe967Ff7xOpaCzu9DAhPkcdQSOKkTZS4DgtlfJgAJPi4BjCS+gFTt4tuRPAReLNSL5c+P78eLA7lcB5b7VjnHIiNGZIqabnJtrPkNQUMzKyW6kiCcI91CFNQwXiRPnZ5PIRLBilDaNYmhIaTtTfExniSg15aDo50l01743F/7xmqqMLP6MiSTUReLooShnUMRzHANtUEqzZ0BCEJTW3QtxFEmFtwrJNCN78y4ukdlLyTktnt16+fAWmyIFDcASKwAPnoAxuQAVUAQZ9cA+ewLOVWY/Wi/U6bV2yZjMH4A+stx+ZopYW</latexit>

R
p(x)dx = 1

<latexit sha1_base64="xgR3p/i8SjMOsrNR6DM4edLlxfg=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRalbsqMKLoRim66rGAf0A41k8m0oZkHSaa0DP0DP8GNC0Xc+hnu3Pkd/oDpY6GtBwKHc+7lnhw35kwqy/oyMkvLK6tr2fXcxubW9o65u1eTUSIIrZKIR6LhYkk5C2lVMcVpIxYUBy6ndbd3M/brfSoki8I7NYypE+BOyHxGsNJS2zRbLFQoLgxOkDdAV8hum3mraE2AFok9I/nScav8cP/xXWmbny0vIklAQ0U4lrJpW7FyUiwUI5yOcq1E0hiTHu7QpqYhDqh00knyETrSiof8SOinc0zU3xspDqQcBq6eDLDqynlvLP7nNRPlXzopC+NE0ZBMD/kJRypC4xqQxwQlig81wUQwnRWRLhaYKF1WTpdgz395kdROi/ZZ8fzWzpeuYYosHMAhFMCGCyhBGSpQBQJ9eIRneDFS48l4Nd6moxljtrMPf2C8/wAFzJWu</latexit>

p✓(x)

<latexit sha1_base64="CVdHdc32SUdIXBVr3gnV/JV6u/U=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CS1CRSiJKLoMunFZwT6gCWUynbRDJw9mbsQYij/hB7hxoYhb/8Nd/8ZJ24W2Hhg4nHMv98zxYs4kmOZYKywtr6yuFddLG5tb2zv67l5TRokgtEEiHom2hyXlLKQNYMBpOxYUBx6nLW94nfuteyoki8I7SGPqBrgfMp8RDErq6gdx14EBBVx1AgwDz88eRsddvWLWzAmMRWLNSMUuOyfPYzutd/VvpxeRJKAhEI6l7FhmDG6GBTDC6ajkJJLGmAxxn3YUDXFApZtN0o+MI6X0DD8S6oVgTNTfGxkOpEwDT03mEeW8l4v/eZ0E/Es3Y2GcAA3J9JCfcAMiI6/C6DFBCfBUEUwEU1kNMsACE1CFlVQJ1vyXF0nztGad1c5vrYp9haYookNURlVkoQtkoxtURw1E0CN6QW/oXXvSXrUP7XM6WtBmO/voD7SvH6cumFc=</latexit>

f✓(x)

<latexit sha1_base64="d9LJQp18TAhRZJxZfnawJg5S+j0=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CS1CRSiJKLoMunFZwT6gCWUynbRDJw9mbsQYij/hB7hxoYhb/8Nd/8ZJ24W2Hhg4nHMv98zxYs4kmOZYKywtr6yuFddLG5tb2zv67l5TRokgtEEiHom2hyXlLKQNYMBpOxYUBx6nLW94nfuteyoki8I7SGPqBrgfMp8RDErq6gd+14EBBVx1AgwDz88eRsddvWLWzAmMRWLNSMUuOyfPYzutd/VvpxeRJKAhEI6l7FhmDG6GBTDC6ajkJJLGmAxxn3YUDXFApZtN0o+MI6X0DD8S6oVgTNTfGxkOpEwDT03mEeW8l4v/eZ0E/Es3Y2GcAA3J9JCfcAMiI6/C6DFBCfBUEUwEU1kNMsACE1CFlVQJ1vyXF0nztGad1c5vrYp9haYookNURlVkoQtkoxtURw1E0CN6QW/oXXvSXrUP7XM6WtBmO/voD7SvH5dImE0=</latexit>

g✓(x) = f✓(x)
2

g✓(x) = exp(f✓(x))

g✓(x) = |f✓(x)|
g✓(x) = log(1 + exp(f✓(x)))

<latexit sha1_base64="WyYpoXpWtfZC+hGBK4PgNCuKN7U="></latexit>



Parameterizing probability distributions 
• Probability distributions           are a key building block in generative 

modeling.
1. Non-negative:

2. Sum-to-one:                               (or                           for continuous variables)

• Total “volume” is fixed: increasing                  guarantees that   
becomes relatively more likely (compared to the rest)

• Problem:
– is easy, but            might not sum-to-one.

– in general, so            is not a valid probability mass 
function or density
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p(x)

<latexit sha1_base64="itwuJyMfveoDjexxxIBGJKHo8U4=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquVPRY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUlx9Oh+UK27NnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSvqh59drlfb3SuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHfj2N4w==</latexit>

p(x) � 0

<latexit sha1_base64="zdylnk3ahWb34K3J+FVbzHztsm8=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSLUS9mVih6LXjxWsB+wXUo2zbah2WRNsmJZ+jO8eFDEq7/Gm//GtN2Dtj4YeLw3w8y8MOFMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3Uz99iNVmklxb8YJDWI8ECxiBBsr+Unl6Qx1B/QBub1S2a26M6Bl4uWkDDkavdJXty9JGlNhCMda+56bmCDDyjDC6aTYTTVNMBnhAfUtFTimOshmJ0/QqVX6KJLKljBopv6eyHCs9TgObWeMzVAvelPxP89PTXQVZEwkqaGCzBdFKUdGoun/qM8UJYaPLcFEMXsrIkOsMDE2paINwVt8eZm0zqterXpxVyvXr/M4CnAMJ1ABDy6hDrfQgCYQkPAMr/DmGOfFeXc+5q0rTj5zBH/gfP4ApZWQMg==</latexit>

P
x p(x) = 1

<latexit sha1_base64="ArpBq78uhxY0UsAPt1O/AlCaSXk=">AAAB+XicbVDLSgMxFM34rONr1KWbYCnUTZkRRTdC0Y3LCvYB7TBk0kwbmmSGJFNahv6JLlwo4tY/caN+iHvTx0JbD1w4nHMv994TJowq7bpf1tLyyuraem7D3tza3tl19vZrKk4lJlUcs1g2QqQIo4JUNdWMNBJJEA8ZqYe967Ff7xOpaCzu9DAhPkcdQSOKkTZS4DgtlfJgAJPi4BjCS+gFTt4tuRPAReLNSL5c+P78eLA7lcB5b7VjnHIiNGZIqabnJtrPkNQUMzKyW6kiCcI91CFNQwXiRPnZ5PIRLBilDaNYmhIaTtTfExniSg15aDo50l01743F/7xmqqMLP6MiSTUReLooShnUMRzHANtUEqzZ0BCEJTW3QtxFEmFtwrJNCN78y4ukdlLyTktnt16+fAWmyIFDcASKwAPnoAxuQAVUAQZ9cA+ewLOVWY/Wi/U6bV2yZjMH4A+stx+ZopYW</latexit>

R
p(x)dx = 1

<latexit sha1_base64="xgR3p/i8SjMOsrNR6DM4edLlxfg=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRalbsqMKLoRim66rGAf0A41k8m0oZkHSaa0DP0DP8GNC0Xc+hnu3Pkd/oDpY6GtBwKHc+7lnhw35kwqy/oyMkvLK6tr2fXcxubW9o65u1eTUSIIrZKIR6LhYkk5C2lVMcVpIxYUBy6ndbd3M/brfSoki8I7NYypE+BOyHxGsNJS2zRbLFQoLgxOkDdAV8hum3mraE2AFok9I/nScav8cP/xXWmbny0vIklAQ0U4lrJpW7FyUiwUI5yOcq1E0hiTHu7QpqYhDqh00knyETrSiof8SOinc0zU3xspDqQcBq6eDLDqynlvLP7nNRPlXzopC+NE0ZBMD/kJRypC4xqQxwQlig81wUQwnRWRLhaYKF1WTpdgz395kdROi/ZZ8fzWzpeuYYosHMAhFMCGCyhBGSpQBQJ9eIRneDFS48l4Nd6moxljtrMPf2C8/wAFzJWu</latexit>

g✓(x) � 0

<latexit sha1_base64="V6YnviVpAwEmn253apfHvyfvpZA=">AAACBHicbVDJSgNBEO1xN25Rj7k0CUJECDOi6DHoxaOCWSATQk+nJmnSs9hdI4YhBy9+gf/gxYMiXv0Ib/kbO8tBEx8UPN6roqqeF0uh0baH1sLi0vLK6tp6ZmNza3snu7tX1VGiOFR4JCNV95gGKUKooEAJ9VgBCzwJNa93OfJr96C0iMJb7MfQDFgnFL7gDI3UyuY6LRe7gKzoBgy7np8+DA6p24E7areyBbtkj0HniTMlhXLePXoelvvXrey32454EkCIXDKtG44dYzNlCgWXMMi4iYaY8R7rQMPQkAWgm+n4iQE9MEqb+pEyFSIdq78nUhZo3Q880zm6VM96I/E/r5Ggf95MRRgnCCGfLPITSTGio0RoWyjgKPuGMK6EuZXyLlOMo8ktY0JwZl+eJ9XjknNSOr0xaVyQCdZIjuRJkTjkjJTJFbkmFcLJI3khb+TderJerQ/rc9K6YE1n9skfWF8/74KanA==</latexit>

g✓(x)

<latexit sha1_base64="6jyrZp4lh4mqs/GbqN/hbPATAJ4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CS1CRSiJKLosunFZwT6gCWEynbRDJw9mbsQYij/hB7hxoYhb/8Nd/8ZJ24W2Hhg4nHMv98zxYs4kmOZYKywtr6yuFddLG5tb2zv67l5LRokgtEkiHomOhyXlLKRNYMBpJxYUBx6nbW94nfvteyoki8I7SGPqBLgfMp8RDEpy9YO+a8OAAq7aAYaB52cPo2NXr5g1cwJjkVgzUqmX7ZPncT1tuPq33YtIEtAQCMdSdi0zBifDAhjhdFSyE0ljTIa4T7uKhjig0skm6UfGkVJ6hh8J9UIwJurvjQwHUqaBpybziHLey8X/vG4C/qWTsTBOgIZkeshPuAGRkVdh9JigBHiqCCaCqawGGWCBCajCSqoEa/7Li6R1WrPOaue3qo0rNEURHaIyqiILXaA6ukEN1EQEPaIX9IbetSftVfvQPqejBW22s4/+QPv6AZiPmE0=</latexit>

P
x g✓(x) = Z(✓) 6= 1

<latexit sha1_base64="rpQSLVywz1DfGe0vzyG9zpBsE3w="></latexit>

Sum-to-one is key!

g✓(x)

<latexit sha1_base64="6jyrZp4lh4mqs/GbqN/hbPATAJ4=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CS1CRSiJKLosunFZwT6gCWEynbRDJw9mbsQYij/hB7hxoYhb/8Nd/8ZJ24W2Hhg4nHMv98zxYs4kmOZYKywtr6yuFddLG5tb2zv67l5LRokgtEkiHomOhyXlLKRNYMBpJxYUBx6nbW94nfvteyoki8I7SGPqBLgfMp8RDEpy9YO+a8OAAq7aAYaB52cPo2NXr5g1cwJjkVgzUqmX7ZPncT1tuPq33YtIEtAQCMdSdi0zBifDAhjhdFSyE0ljTIa4T7uKhjig0skm6UfGkVJ6hh8J9UIwJurvjQwHUqaBpybziHLey8X/vG4C/qWTsTBOgIZkeshPuAGRkVdh9JigBHiqCCaCqawGGWCBCajCSqoEa/7Li6R1WrPOaue3qo0rNEURHaIyqiILXaA6ukEN1EQEPaIX9IbetSftVfvQPqejBW22s4/+QPv6AZiPmE0=</latexit>

p(xtrain)

<latexit sha1_base64="o8QjuQCAdMPdbtYNTO02p6YP7JA=">AAAB83icbVDLSsNAFJ3UV62vqks3g0WoCCURRZdBNy4r2Ac0oUymk3boZBJmbsQQ+hfixoUibv0Zd/0bp4+Fth64cDjnXu69J0gE12DbY6uwsrq2vlHcLG1t7+zulfcPmjpOFWUNGotYtQOimeCSNYCDYO1EMRIFgrWC4e3Ebz0ypXksHyBLmB+RvuQhpwSM5CXVp24OinA5Ou2WK3bNngIvE2dOKu6xd/Y8drN6t/zt9WKaRkwCFUTrjmMn4OdEAaeCjUpeqllC6JD0WcdQSSKm/Xx68wifGKWHw1iZkoCn6u+JnERaZ1FgOiMCA73oTcT/vE4K4bWfc5mkwCSdLQpTgSHGkwBwjytGQWSGEKq4uRXTAVGEgompZEJwFl9eJs3zmnNRu7x3Ku4NmqGIjtAxqiIHXSEX3aE6aiCKEvSC3tC7lVqv1of1OWstWPOZQ/QH1tcPFlqUtA==</latexit>

xtrain

<latexit sha1_base64="lu9kYF3mOkrzihL8vQbuwN+6XCg=">AAAB8HicbZDLSgMxFIYz9VbrrSq4cRMsgqsyI4ouS924bMFepB1KJs20oUlmSM6IZehTuHGhiFvBt/AJ3LnxWUwvC239IfDx/+eQc04QC27Adb+czNLyyupadj23sbm1vZPf3aubKNGU1WgkIt0MiGGCK1YDDoI1Y82IDARrBIOrcd64Y9rwSN3AMGa+JD3FQ04JWOv2vpOCJlyNOvmCW3QnwovgzaBQOqh+8/fyR6WT/2x3I5pIpoAKYkzLc2PwU6KBU8FGuXZiWEzogPRYy6Iikhk/nQw8wsfW6eIw0vYpwBP3d0dKpDFDGdhKSaBv5rOx+V/WSiC89FOu4gSYotOPwkRgiPB4e9zlmlEQQwuEam5nxbRPNKFgb5SzR/DmV16E+mnROyueV71CqYymyqJDdIROkIcuUAldowqqIYokekBP6NnRzqPz4rxOSzPOrGcf/ZHz9gM8iJRn</latexit>



Parameterizing probability distributions 
• Problem:                   is easy, but           might not be normalized

• Solution:

Then by definition
• Example: Choose          so that the volume is analytically as a function of θ.

1. . Volume is:                                   → Gaussian
2. . Volume is:                                 → Exponential
3. . Volume is                   , where  

→ Exponential family
• Normal, Poisson, exponential, Bernoulli
• beta, gamma, Dirichlet, Wishart, etc.

• Function forms           need to allow analytical integration. Despite being 
restrictive, they are very useful as building blocks for more complex 
distributions. 8

g✓(x) � 0

<latexit sha1_base64="ZXczXPs2LfBZ5lrynqkK+w9z2cI=">AAACA3icbVDLSgNBEJz1bXxFvellSBAiQtgVRY9BLx4VTBSyIcxOepMhsw9nesVlCXjxD/wGLx4U8epPeMvfOJt40GhBQ1HVTXeXF0uh0baH1tT0zOzc/MJiYWl5ZXWtuL7R0FGiONR5JCN17TENUoRQR4ESrmMFLPAkXHn909y/ugWlRRReYhpDK2DdUPiCMzRSu7jVbbvYA2QVN2DY8/zsbrDrduGG2u1i2a7aI9C/xPkm5VrJ3Xsc1tLzdvHT7UQ8CSBELpnWTceOsZUxhYJLGBTcREPMeJ91oWloyALQrWz0w4DuGKVD/UiZCpGO1J8TGQu0TgPPdOaH6kkvF//zmgn6x61MhHGCEPLxIj+RFCOaB0I7QgFHmRrCuBLmVsp7TDGOJraCCcGZfPkvaexXnYPq4YVTrp2QMRbINimRCnHIEamRM3JO6oSTe/JEXsir9WA9W2/W+7h1yvqe2SS/YH18AZGWmnM=</latexit>

g✓(x)

<latexit sha1_base64="xqfxfwqjh0W3XsTDeKhsN6EUses=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CS1CRSiJKLoMunFZwT6gCWEynbRDJw9mbsQaij/hB7hxoYhb/8Nd/8ZJ24W2Hhg4nHMv98zxE84kmOZYKywtr6yuFddLG5tb2zv67l5TxqkgtEFiHou2jyXlLKINYMBpOxEUhz6nLX9wnfuteyoki6M7GCbUDXEvYgEjGJTk6Qc9z4E+BVx1Qgx9P8geRseeXjFr5gTGIrFmpGKXnZPnsT2se/q3041JGtIICMdSdiwzATfDAhjhdFRyUkkTTAa4RzuKRjik0s0m6UfGkVK6RhAL9SIwJurvjQyHUg5DX03mEeW8l4v/eZ0Ugks3Y1GSAo3I9FCQcgNiI6/C6DJBCfChIpgIprIapI8FJqAKK6kSrPkvL5Lmac06q53fWhX7Ck1RRIeojKrIQhfIRjeojhqIoEf0gt7Qu/akvWof2ud0tKDNdvbRH2hfP5jfmE4=</latexit>

p✓(x) =
1

Volume(g✓)
g✓(x) =

1R
g✓(x)dx

g✓(x)

<latexit sha1_base64="clZT5iInG4Q5yWjFa3mKgbX/4mo="></latexit>

R
p✓(x)dx = 1

<latexit sha1_base64="TeW0r+JInUJhLfh6f3u0G1WMxec="></latexit>

g✓(x)

<latexit sha1_base64="Q/MI8Eh6oMi9EzEFN2hvHBJe1fg=">AAAB/3icbVDLSsNAFJ3UV62vqODGTWgRKkJJRNFl0I3LCvYBTSmT6aQdOpmEmRsxxC78B7/AjQtF3Pob7vo3Th8LbT0wcDjnXu6Z48ecKbDtkZFbWl5ZXcuvFzY2t7Z3zN29uooSSWiNRDySTR8rypmgNWDAaTOWFIc+pw1/cD32G/dUKhaJO0hj2g5xT7CAEQxa6pgHvU7mQZ8CHpa9EEPfD7KH4XHHLNkVewJrkTgzUnKL3snzyE2rHfPb60YkCakAwrFSLceOoZ1hCYxwOix4iaIxJgPcoy1NBQ6pameT/EPrSCtdK4ikfgKsifp7I8OhUmno68lxRDXvjcX/vFYCwWU7YyJOgAoyPRQk3ILIGpdhdZmkBHiqCSaS6awW6WOJCejKCroEZ/7Li6R+WnHOKue3Tsm9QlPk0SEqojJy0AVy0Q2qohoi6BG9oDf0bjwZr8aH8TkdzRmznX30B8bXD24smVo=</latexit>

g✓(x)

<latexit sha1_base64="xqfxfwqjh0W3XsTDeKhsN6EUses=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CS1CRSiJKLoMunFZwT6gCWEynbRDJw9mbsQaij/hB7hxoYhb/8Nd/8ZJ24W2Hhg4nHMv98zxE84kmOZYKywtr6yuFddLG5tb2zv67l5TxqkgtEFiHou2jyXlLKINYMBpOxEUhz6nLX9wnfuteyoki6M7GCbUDXEvYgEjGJTk6Qc9z4E+BVx1Qgx9P8geRseeXjFr5gTGIrFmpGKXnZPnsT2se/q3041JGtIICMdSdiwzATfDAhjhdFRyUkkTTAa4RzuKRjik0s0m6UfGkVK6RhAL9SIwJurvjQyHUg5DX03mEeW8l4v/eZ0Ugks3Y1GSAo3I9FCQcgNiI6/C6DJBCfChIpgIprIapI8FJqAKK6kSrPkvL5Lmac06q53fWhX7Ck1RRIeojKrIQhfIRjeojhqIoEf0gt7Qu/akvWof2ud0tKDNdvbRH2hfP5jfmE4=</latexit>

g(µ,�)(x) = e�
(x�µ)2

2�2

<latexit sha1_base64="iAHhos5VZposPeoThQRj52gZxiM="></latexit>

R
e�

x�µ

2�2 dx =
p
2⇡�2

<latexit sha1_base64="OrFXQUD2RhMYmU4/JWYjMHRqSwo="></latexit>

g�(x) = e��x

<latexit sha1_base64="0VPiYA2HwL1ll6HxN4IRH0s3VNM=">AAACBnicbVDLSgMxFM3UV62vUZcihBahIpYZUXQjDLpxWcE+oFNLJpNpQzMPkox0GGblxg/wJ9y4UMSt3+Cuf2P6WGjrgcDJOeeS3ONEjAppGEMtt7C4tLySXy2srW9sbunbO3URxhyTGg5ZyJsOEoTRgNQklYw0I06Q7zDScPrXI7/xQLigYXAnk4i0fdQNqEcxkkrq6PvdTmozlXdRVh4cXpL79Hh6h4Oso5eMijEGnCfmlJSson30PLSSakf/tt0Qxz4JJGZIiJZpRLKdIi4pZiQr2LEgEcJ91CUtRQPkE9FOx2tk8EApLvRCrk4g4Vj9PZEiX4jEd1TSR7InZr2R+J/XiqV30U5pEMWSBHjykBczKEM46gS6lBMsWaIIwpyqv0LcQxxhqZorqBLM2ZXnSf2kYp5Wzm7NknUFJsiDPVAEZWCCc2CBG1AFNYDBI3gBb+Bde9JetQ/tcxLNadOZXfAH2tcPtNabnw==</latexit>

R +1
0 e��xdx = 1

�

<latexit sha1_base64="RnZWOLchd/RV7UfZXpSFNoDQB5Q="></latexit>

g✓(x) = h(x) exp{✓ · T (x)}

<latexit sha1_base64="xd8l+Vyta4FE+8PYIM2c+PyIkGw=">AAACFnicbVDJSgNBEO2JW4xb1KOXxiAoYpgRRS9C0IvHCIkKmWHo6VSSJj0L3TWSMOQr9OCvePGgiFfxlr+xsxzcHlTxeK+K7npBIoVG2x5auZnZufmF/GJhaXllda24vnGt41RxqPNYxuo2YBqkiKCOAiXcJgpYGEi4CboXI//mDpQWcVTDfgJeyNqRaAnO0Eh+8aDtZy52ANlgt7d31jGNutBLqDuVqcubMdKaMdyBXyzZZXsM+pc4U1KqbLv7D8NKv+oXP91mzNMQIuSSad1w7AS9jCkUXMKg4KYaEsa7rA0NQyMWgvay8VkDumOUJm3FylSEdKx+38hYqHU/DMxkyLCjf3sj8T+vkWLr1MtElKQIEZ881EolxZiOMqJNoYCj7BvCuBLmr5R3mGIcTZIFE4Lz++S/5Pqw7ByVj6+cUuWcTJAnW2Sb7BKHnJAKuSRVUiec3JMn8kJerUfr2Xqz3iejOWu6s0l+wPr4AoyEoVY=</latexit>

exp{A(✓)}

<latexit sha1_base64="IMBFq06FxaUVeQLIiaL+2yuHvW0=">AAAB+3icbVDJSgNBEO2JW4xbjEcvTYIQEcKMKHqMevEYwSyQCaGnU0ma9Cx010jCkL/w7MWDIl79EW/5GzvLQRMfFDzeq6KqnhdJodG2J1ZqbX1jcyu9ndnZ3ds/yB7majqMFYcqD2WoGh7TIEUAVRQooREpYL4noe4N7qZ+/QmUFmHwiKMIWj7rBaIrOEMjtbM5F4YRdZOboot9QHbqjtvZgl2yZ6CrxFmQQjnvnj1PyqNKO/vtdkIe+xAgl0zrpmNH2EqYQsEljDNurCFifMB60DQ0YD7oVjK7fUxPjNKh3VCZCpDO1N8TCfO1Hvme6fQZ9vWyNxX/85oxdq9biQiiGCHg80XdWFIM6TQI2hEKOMqRIYwrYW6lvM8U42jiypgQnOWXV0ntvORclC4fnEL5lsyRJsckT4rEIVekTO5JhVQJJ0PyQt7IuzW2Xq0P63PemrIWM0fkD6yvH0c8lvA=</latexit>

A(✓) = log
R
h(x) exp{✓ · T (x)}dx

<latexit sha1_base64="pHWvGxQvUqZDkUThbF23Ye4iE2k="></latexit>



Lecture overview
• Energy-based models

– Parametrizing probability distributions

– Energy-based generative modeling

– Ising Model, Product of Experts, Restricted Boltzmann machine, 
Deep Boltzman Machines

– Training and sampling from EBMs

• Score-based Models

• Denoising Diffusion Models

9



Likelihood based learning
• Problem:                   is easy, but           might not be normalized

• Solution:

Typically, choose          so that we know the volume analytically. More 
complex models can be obtained by combining these building blocks.

1. Autoregressive:  Products of normalized objects

2. Latent variables: Mixtures of normalized objects

• How about using models where the “volume”/normalization constant of                 
is not easy to compute analytically?

10

g✓(x) � 0

<latexit sha1_base64="ZXczXPs2LfBZ5lrynqkK+w9z2cI=">AAACA3icbVDLSgNBEJz1bXxFvellSBAiQtgVRY9BLx4VTBSyIcxOepMhsw9nesVlCXjxD/wGLx4U8epPeMvfOJt40GhBQ1HVTXeXF0uh0baH1tT0zOzc/MJiYWl5ZXWtuL7R0FGiONR5JCN17TENUoRQR4ESrmMFLPAkXHn909y/ugWlRRReYhpDK2DdUPiCMzRSu7jVbbvYA2QVN2DY8/zsbrDrduGG2u1i2a7aI9C/xPkm5VrJ3Xsc1tLzdvHT7UQ8CSBELpnWTceOsZUxhYJLGBTcREPMeJ91oWloyALQrWz0w4DuGKVD/UiZCpGO1J8TGQu0TgPPdOaH6kkvF//zmgn6x61MhHGCEPLxIj+RFCOaB0I7QgFHmRrCuBLmVsp7TDGOJraCCcGZfPkvaexXnYPq4YVTrp2QMRbINimRCnHIEamRM3JO6oSTe/JEXsir9WA9W2/W+7h1yvqe2SS/YH18AZGWmnM=</latexit>

g✓(x)

<latexit sha1_base64="xqfxfwqjh0W3XsTDeKhsN6EUses=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CS1CRSiJKLoMunFZwT6gCWEynbRDJw9mbsQaij/hB7hxoYhb/8Nd/8ZJ24W2Hhg4nHMv98zxE84kmOZYKywtr6yuFddLG5tb2zv67l5TxqkgtEFiHou2jyXlLKINYMBpOxEUhz6nLX9wnfuteyoki6M7GCbUDXEvYgEjGJTk6Qc9z4E+BVx1Qgx9P8geRseeXjFr5gTGIrFmpGKXnZPnsT2se/q3041JGtIICMdSdiwzATfDAhjhdFRyUkkTTAa4RzuKRjik0s0m6UfGkVK6RhAL9SIwJurvjQyHUg5DX03mEeW8l4v/eZ0Ugks3Y1GSAo3I9FCQcgNiI6/C6DJBCfChIpgIprIapI8FJqAKK6kSrPkvL5Lmac06q53fWhX7Ck1RRIeojKrIQhfIRjeojhqIoEf0gt7Qu/akvWof2ud0tKDNdvbRH2hfP5jfmE4=</latexit>

p✓(x) =
1

Volume(g✓)
g✓(x) =

1R
g✓(x)dx

g✓(x)

<latexit sha1_base64="clZT5iInG4Q5yWjFa3mKgbX/4mo="></latexit>

g✓(x)

<latexit sha1_base64="Q/MI8Eh6oMi9EzEFN2hvHBJe1fg=">AAAB/3icbVDLSsNAFJ3UV62vqODGTWgRKkJJRNFl0I3LCvYBTSmT6aQdOpmEmRsxxC78B7/AjQtF3Pob7vo3Th8LbT0wcDjnXu6Z48ecKbDtkZFbWl5ZXcuvFzY2t7Z3zN29uooSSWiNRDySTR8rypmgNWDAaTOWFIc+pw1/cD32G/dUKhaJO0hj2g5xT7CAEQxa6pgHvU7mQZ8CHpa9EEPfD7KH4XHHLNkVewJrkTgzUnKL3snzyE2rHfPb60YkCakAwrFSLceOoZ1hCYxwOix4iaIxJgPcoy1NBQ6pameT/EPrSCtdK4ikfgKsifp7I8OhUmno68lxRDXvjcX/vFYCwWU7YyJOgAoyPRQk3ILIGpdhdZmkBHiqCSaS6awW6WOJCejKCroEZ/7Li6R+WnHOKue3Tsm9QlPk0SEqojJy0AVy0Q2qohoi6BG9oDf0bjwZr8aH8TkdzRmznX30B8bXD24smVo=</latexit>

p✓(x)p✓0(x)(y)

<latexit sha1_base64="+v2j6949HvZmD1t0TRG7DIZhwVw=">AAACK3icbVDJSgNBEO1xN25Rj14ag5AcDDOi6DGoB48KRgOZGHo6NaaxZ6G7RgzD/I8e/BQ96MEFr36CdzsLLtEHDa/fq6KqnhdLodG2X6yR0bHxicmp6dzM7Nz8Qn5x6URHieJQ5ZGMVM1jGqQIoYoCJdRiBSzwJJx6F3td//QSlBZReIydGBoBOw+FLzhDIzXzu3EzdbENyLKiGzBse356lZXol3yWurESAfyyvz+drNTMF+yy3QP9S5wBKVRKH3fr+283h838g9uKeBJAiFwyreuOHWMjZQoFl5Dl3ERDzPgFO4e6oSELQDfS3q0ZXTNKi/qRMi9E2lN/dqQs0LoTeKayu6Ie9rrif149QX+nkYowThBC3h/kJ5JiRLvB0ZZQwFF2DGFcCbMr5W2mGEcTb86E4Ayf/JecbJSdzfLWkVOo7JI+psgKWSVF4pBtUiEH5JBUCSfX5J48kWfr1nq0Xq23fumINehZJr9gvX8Cf7CtdA==</latexit>

R
x

R
y p✓(x)p✓0(x)(y)dxdy =

R
x p✓(x)

Z

y
p✓0(x)(y)dy

| {z }
=1

dx =
R
x p✓(x)dx = 1

<latexit sha1_base64="q+3kC/Lagqejh2MEgUMHi1mYxKs="></latexit>

↵p✓(x) + (1� ↵)p✓0(x)

<latexit sha1_base64="EmHeNbWGycO+Ny1BaOrOfx30vhw="></latexit>

R
x ↵p✓(x) + (1� ↵)p✓0(x)dx = ↵+ (1� ↵) = 1

<latexit sha1_base64="fXoeETo48MXFsW6Bp9YO5bF7Xuw="></latexit>



Likelihood based learning
• Problem:                   is easy, but           might not be normalized

• Solution:

Typically, choose          so that we know the volume analytically. More 
complex models can be obtained by combining these building blocks.

1. Autoregressive:  Products of normalized objects

2. Latent variables: Mixtures of normalized objects

How about using models where the “volume”/normalization constant of                 
is not easy to compute analytically?
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g✓(x) � 0

<latexit sha1_base64="ZXczXPs2LfBZ5lrynqkK+w9z2cI=">AAACA3icbVDLSgNBEJz1bXxFvellSBAiQtgVRY9BLx4VTBSyIcxOepMhsw9nesVlCXjxD/wGLx4U8epPeMvfOJt40GhBQ1HVTXeXF0uh0baH1tT0zOzc/MJiYWl5ZXWtuL7R0FGiONR5JCN17TENUoRQR4ESrmMFLPAkXHn909y/ugWlRRReYhpDK2DdUPiCMzRSu7jVbbvYA2QVN2DY8/zsbrDrduGG2u1i2a7aI9C/xPkm5VrJ3Xsc1tLzdvHT7UQ8CSBELpnWTceOsZUxhYJLGBTcREPMeJ91oWloyALQrWz0w4DuGKVD/UiZCpGO1J8TGQu0TgPPdOaH6kkvF//zmgn6x61MhHGCEPLxIj+RFCOaB0I7QgFHmRrCuBLmVsp7TDGOJraCCcGZfPkvaexXnYPq4YVTrp2QMRbINimRCnHIEamRM3JO6oSTe/JEXsir9WA9W2/W+7h1yvqe2SS/YH18AZGWmnM=</latexit>

g✓(x)

<latexit sha1_base64="xqfxfwqjh0W3XsTDeKhsN6EUses=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CS1CRSiJKLoMunFZwT6gCWEynbRDJw9mbsQaij/hB7hxoYhb/8Nd/8ZJ24W2Hhg4nHMv98zxE84kmOZYKywtr6yuFddLG5tb2zv67l5TxqkgtEFiHou2jyXlLKINYMBpOxEUhz6nLX9wnfuteyoki6M7GCbUDXEvYgEjGJTk6Qc9z4E+BVx1Qgx9P8geRseeXjFr5gTGIrFmpGKXnZPnsT2se/q3041JGtIICMdSdiwzATfDAhjhdFRyUkkTTAa4RzuKRjik0s0m6UfGkVK6RhAL9SIwJurvjQyHUg5DX03mEeW8l4v/eZ0Ugks3Y1GSAo3I9FCQcgNiI6/C6DJBCfChIpgIprIapI8FJqAKK6kSrPkvL5Lmac06q53fWhX7Ck1RRIeojKrIQhfIRjeojhqIoEf0gt7Qu/akvWof2ud0tKDNdvbRH2hfP5jfmE4=</latexit>

p✓(x) =
1

Volume(g✓)
g✓(x) =

1R
g✓(x)dx

g✓(x)

<latexit sha1_base64="clZT5iInG4Q5yWjFa3mKgbX/4mo="></latexit>

g✓(x)

<latexit sha1_base64="Q/MI8Eh6oMi9EzEFN2hvHBJe1fg=">AAAB/3icbVDLSsNAFJ3UV62vqODGTWgRKkJJRNFl0I3LCvYBTSmT6aQdOpmEmRsxxC78B7/AjQtF3Pob7vo3Th8LbT0wcDjnXu6Z48ecKbDtkZFbWl5ZXcuvFzY2t7Z3zN29uooSSWiNRDySTR8rypmgNWDAaTOWFIc+pw1/cD32G/dUKhaJO0hj2g5xT7CAEQxa6pgHvU7mQZ8CHpa9EEPfD7KH4XHHLNkVewJrkTgzUnKL3snzyE2rHfPb60YkCakAwrFSLceOoZ1hCYxwOix4iaIxJgPcoy1NBQ6pameT/EPrSCtdK4ikfgKsifp7I8OhUmno68lxRDXvjcX/vFYCwWU7YyJOgAoyPRQk3ILIGpdhdZmkBHiqCSaS6awW6WOJCejKCroEZ/7Li6R+WnHOKue3Tsm9QlPk0SEqojJy0AVy0Q2qohoi6BG9oDf0bjwZr8aH8TkdzRmznX30B8bXD24smVo=</latexit>

p✓(x)p✓0(x)(y)

<latexit sha1_base64="+v2j6949HvZmD1t0TRG7DIZhwVw=">AAACK3icbVDJSgNBEO1xN25Rj14ag5AcDDOi6DGoB48KRgOZGHo6NaaxZ6G7RgzD/I8e/BQ96MEFr36CdzsLLtEHDa/fq6KqnhdLodG2X6yR0bHxicmp6dzM7Nz8Qn5x6URHieJQ5ZGMVM1jGqQIoYoCJdRiBSzwJJx6F3td//QSlBZReIydGBoBOw+FLzhDIzXzu3EzdbENyLKiGzBse356lZXol3yWurESAfyyvz+drNTMF+yy3QP9S5wBKVRKH3fr+283h838g9uKeBJAiFwyreuOHWMjZQoFl5Dl3ERDzPgFO4e6oSELQDfS3q0ZXTNKi/qRMi9E2lN/dqQs0LoTeKayu6Ie9rrif149QX+nkYowThBC3h/kJ5JiRLvB0ZZQwFF2DGFcCbMr5W2mGEcTb86E4Ayf/JecbJSdzfLWkVOo7JI+psgKWSVF4pBtUiEH5JBUCSfX5J48kWfr1nq0Xq23fumINehZJr9gvX8Cf7CtdA==</latexit>

R
x

R
y p✓(x)p✓0(x)(y)dxdy =

R
x p✓(x)

Z

y
p✓0(x)(y)dy

| {z }
=1

dx =
R
x p✓(x)dx = 1

<latexit sha1_base64="q+3kC/Lagqejh2MEgUMHi1mYxKs="></latexit>

↵p✓(x) + (1� ↵)p✓0(x)

<latexit sha1_base64="EmHeNbWGycO+Ny1BaOrOfx30vhw="></latexit>

R
x ↵p✓(x) + (1� ↵)p✓0(x)dx = ↵+ (1� ↵) = 1

<latexit sha1_base64="fXoeETo48MXFsW6Bp9YO5bF7Xuw="></latexit>



Energy-based model

• The volume/normalization constant

is also called the partition function. Why exponential (and not e.g.            )?
1. Want to capture very large variations in probability. log-probability is the natural scale we 

want to work with. Otherwise need highly non-smooth     .   

2. Exponential families. Many common distributions can be written in this form.

3. These distributions arise under fairly general assumptions in statistical physics 
(maximum entropy, second law of thermodynamics).
• is called the energy, hence the name.

• Intuitively, configurations x with low energy (high fθ(x)) are more likely.
12

p✓(x) =
1R

exp(f✓(x))dx
exp (f✓(x)) =

1
Z(✓) exp (f✓(x))

<latexit sha1_base64="UClzLWhB2xU3xeTjaFtWtYurN08="></latexit>

Z(✓) =
R
exp (f✓(x)) dx

<latexit sha1_base64="TzdHyPC404px/pfmP2IC76skrKE="></latexit>

f✓(x)2

<latexit sha1_base64="riY49/c9tNIcr7YYbQ6oeq/Q3go=">AAACAXicbVDLSsNAFJ3UV62vqBvBTWgRKkJJiqLLoBuXFewDmlom00k7dDIJMzdiCXXjL/gJblwo4ta/cNe/cfpYaOuBC4dz7uXee/yYMwW2PTIyS8srq2vZ9dzG5tb2jrm7V1NRIgmtkohHsuFjRTkTtAoMOG3EkuLQ57Tu96/Gfv2eSsUicQuDmLZC3BUsYASDltrmQdBOPehRwMOiF2Lo+UH6MDy+K7fNgl2yJ7AWiTMjBTfvnTyP3EGlbX57nYgkIRVAOFaq6dgxtFIsgRFOhzkvUTTGpI+7tKmpwCFVrXTywdA60krHCiKpS4A1UX9PpDhUahD6unN8pJr3xuJ/XjOB4KKVMhEnQAWZLgoSbkFkjeOwOkxSAnygCSaS6Vst0sMSE9Ch5XQIzvzLi6RWLjmnpbMbp+Beoimy6BDlURE56By56BpVUBUR9Ihe0Bt6N56MV+PD+Jy2ZozZzD76A+PrB6MYmf0=</latexit>

f✓(x)2

<latexit sha1_base64="riY49/c9tNIcr7YYbQ6oeq/Q3go=">AAACAXicbVDLSsNAFJ3UV62vqBvBTWgRKkJJiqLLoBuXFewDmlom00k7dDIJMzdiCXXjL/gJblwo4ta/cNe/cfpYaOuBC4dz7uXee/yYMwW2PTIyS8srq2vZ9dzG5tb2jrm7V1NRIgmtkohHsuFjRTkTtAoMOG3EkuLQ57Tu96/Gfv2eSsUicQuDmLZC3BUsYASDltrmQdBOPehRwMOiF2Lo+UH6MDy+K7fNgl2yJ7AWiTMjBTfvnTyP3EGlbX57nYgkIRVAOFaq6dgxtFIsgRFOhzkvUTTGpI+7tKmpwCFVrXTywdA60krHCiKpS4A1UX9PpDhUahD6unN8pJr3xuJ/XjOB4KKVMhEnQAWZLgoSbkFkjeOwOkxSAnygCSaS6Vst0sMSE9Ch5XQIzvzLi6RWLjmnpbMbp+Beoimy6BDlURE56By56BpVUBUR9Ihe0Bt6N56MV+PD+Jy2ZozZzD76A+PrB6MYmf0=</latexit>

�f✓(x)

<latexit sha1_base64="MfyP/n12M2natEECay9ZpglVsWU=">AAACAHicbVDLSsNAFJ3UV62vqgsXbkKLUBFLIooui25cVrAPaEKYTCft0MmDmRsxhGz8Bv/AjQtF3PoZ7vo3TtoutPXAhcM593LvPW7EmQTDGGuFpeWV1bXiemljc2t7p7y715ZhLAhtkZCHoutiSTkLaAsYcNqNBMW+y2nHHd3kfueBCsnC4B6SiNo+HgTMYwSDkpzywannpBYMKeCsZvkYhq6XPmbHTrlq1I0J9EVizki1UbFOnseNpOmUv61+SGKfBkA4lrJnGhHYKRbACKdZyYoljTAZ4QHtKRpgn0o7nTyQ6UdK6eteKFQFoE/U3xMp9qVMfFd15ifKeS8X//N6MXhXdsqCKAYakOkiL+Y6hHqeht5nghLgiSKYCKZu1ckQC0xAZVZSIZjzLy+S9lndPK9f3JnVxjWaoogOUQXVkIkuUQPdoiZqIYIy9ILe0Lv2pL1qH9rntLWgzWb20R9oXz/Z0pmQ</latexit>

The output of fθ is a scalar value between −∞ and ∞.



Energy-based model

• Pros:
– extreme flexibility: can use pretty much any function           you want

• Cons:
– Sampling from            is hard
– Evaluating and optimizing likelihood            is hard (learning is hard)
– No feature learning (but can add latent variables)

• Curse of dimensionality: The fundamental issue is that computing  
numerically (when no analytic solution is available) scales exponentially 
in the number of dimensions of x.

• Nevertheless, some tasks do not require knowing 
13
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Applications of Energy-based models 

• Given x, x′ evaluating            or              requires         .

• However, their ratio

does not involve        .    

• This means we can easily check which one is more likely. Applications:
– Anomaly detection
– Denoising
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Applications of Energy-based models 

• Given a trained model, many applications require relative comparisons. 
Hence          is not needed.
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object recognition sequence labeling image restoration



Lecture overview
• Energy-based models

– Parametrizing probability distributions

– Energy-based generative modeling

– Ising Model, Product of Experts, Restricted Boltzmann machine, 
Deep Boltzman Machines

– Training and sampling from EBMs

• Score-based Models

• Denoising Diffusion Models
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Ising Model
• There is a true image y ∈ {0, 1}3×3 , and a corrupted image x ∈ {0, 1}3×3. We know x, 

and want to somehow recover y.

• We model the joint probability distribution p(y, x) as 

– : the i-th corrupted pixel depends on the i-th original pixel
– : neighboring pixels tend to have the same value

• How did the original image y look like? Solution: maximize p(y|x). Or equivalently, 
maximize p(y, x).

17

p(y,x) = 1
Z exp

⇣P
i  i (xi, yi) +

P
(i,j)2E  ij (yi, yj)

⌘
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Lecture overview
• Energy-based models

– Parametrizing probability distributions

– Energy-based generative modeling

– Ising Model, Product of Experts, Restricted Boltzmann machine, 
Deep Boltzman Machines

– Training and sampling from EBMs

• Score-Based Models

• Denoising Diffusion Models

18



Product of Experts
• Suppose you have trained several models                                         . They can be 

different models (PixelCNN, Flow, etc.)

• Each one is like an expert that can be used to score how likely an input x is.

• Assuming the experts make their judgments indpendently, it is tempting to 
ensemble them as

• To get a valid probability distribution, we need to normalize

• Note: similar to an AND operation (e.g., probability is zero as long as one model 
gives zero probability), unlike mixture models which behave more like OR
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<latexit sha1_base64="cWrMO3/xGKsgUbfryNw+B1eR0wc="></latexit>

q✓1(x), r✓2(x), t✓3(x)

<latexit sha1_base64="5kCvV95CMj+B+6hB7StIeAvB6wg="></latexit>

p✓1(x)q✓2(x)r✓3(x)

<latexit sha1_base64="GwG6LbohAhuYyGjvnSh1C67ES6A=">AAACOXicbZDLSsNAFIYnXmu9RV26GSxCRShJVXRZdOOygtVCE8JkOrGDk4szJ2IJeQufxY1v4U5w40IRt76Ak1bQtv4w8PN/5zDnHD8RXIFlPRtT0zOzc/OlhfLi0vLKqrm2fqHiVFLWorGIZdsnigkesRZwEKydSEZCX7BL//qk4Je3TCoeR+fQT5gbkquIB5wS0JFnNhMvc6DHgHiZnedVJyTQ84PsLt/BN7+oPobkL9obRZ5ZsWrWQHjS2D+m0thydu+fG/2mZz453ZimIYuACqJUx7YScDMigVPB8rKTKpYQek2uWEfbiIRMudlg8xxv66SLg1jqFwEepH87MhIq1Q99XVmMqMZZEf7HOikER27GoyQFFtHhR0EqMMS4OCPucskoiL42hEquZ8W0RyShoI9d1kewx1eeNBf1mr1fOzizK41jNFQJbaItVEU2OkQNdIqaqIUoekAv6A29G4/Gq/FhfA5Lp4yfng00IuPrG2+NshU=</latexit>



Product of Experts

20Image source: Du et al., 2020. 
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Restricted Boltzmann machine (RBM) 
• RBM: energy-based model with latent variables

• Two types of variables:
– x ∈ {0, 1}n are visible variables (e.g., pixel values)
– z ∈ {0, 1}m are latent ones

• The joint distribution is

• Restricted because there are no visible-visible and hidden-hidden 
connections, i.e., xi xj or zi zj terms in the objective

22

pW,b,c(x, z) =
1
Z exp

�
xTWz+ bx+ cz

�
= 1

Z exp (
Pn Pm xizjwij + bx+ cz)
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Deep Boltzmann Machines 
• Stacked RBMs are one of the first deep generative models:

• Bottom layer variables v are pixel values. Layers above (h) represent 
“higher-level” features (corners, edges, etc.).

• Early deep neural networks for supervised learning had to be pre-trained 
like this to make them work.
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Deep Boltzmann Machines: Samples

25Image source: Salakhutdinov and Hinton, 2009.
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Energy-based model

• Pros:
– can plug in pretty much any function           you want

• Cons:
– Sampling is hard
– Evaluating likelihood (learning) is hard
– No feature learning

• Curse of dimensionality: The fundamental issue is that computing  
numerically (when no analytic solution is available) scales exponentially 
in the number of dimensions of x
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Computing the normalization constant is hard 
• As an example, the RBM joint distribution is

where
– x ∈ {0, 1}n are visible variables (e.g., pixel values)
– z ∈ {0, 1}m are latent ones

• The normalization constant (the “volume”) is

• Note: it is a well-defined function of the parameters W, b, c, but no simple closed-form. 
Takes time exponential in n, m to compute. This means that evaluating the objective 
function pW,b,c (x, z) for likelihood-based learning is hard.

• Observation: Optimizing the likelihood pW b,c (x, z) is difficult, but optimizing the un-
normalized probability                                          (wrt trainable parameters W, b, c) is easy.

28

pW,b,c(x, z) =
1
Z exp

�
xTWz+ bx+ cz

�

<latexit sha1_base64="5ZsAr/cPGOz08KTuPCI8NuMSYzE="></latexit>

Z(W, b, c) =
P

x2{0,1}n

P
z2{0,1}m exp

�
xTWz+ bx+ cz

�

<latexit sha1_base64="oPJRTrp4XHdeVGJSEUyGQ9ZHpCM="></latexit>

Z(W, b, c) =
P

x2{0,1}n

P
z2{0,1}m exp

�
xTWz+ bx+ cz

�

<latexit sha1_base64="oPJRTrp4XHdeVGJSEUyGQ9ZHpCM="></latexit>



Training intuition 

• Goal:                                                . Increase numerator, decrease denominator. 

• Intuition: because the model is not normalized, increasing the un-normalized log-
probability                   by changing θ does not guarantee that             becomes 
relatively more likely (compared to the rest).

• We also need to take into account the effect on other “wrong points” and try to 
“push them down” to also make        small.

29
Z(✓)

<latexit sha1_base64="UZwqZBeyvb5lC9H4zsGCgvgD13Y=">AAAB8nicbZDLSsNAFIYnXmu9VV26GVqEilASUXRZdOOygr1gEspkOmmHTiZh5kQIoW+hGxeKuPVp3PVtnF4W2vrDwMf/n8Occ4JEcA22PbZWVtfWNzYLW8Xtnd29/dLBYUvHqaKsSWMRq05ANBNcsiZwEKyTKEaiQLB2MLyd5O0npjSP5QNkCfMj0pc85JSAsdzHau7BgAEZnXZLFbtmT4WXwZlDpV72zp7H9azRLX17vZimEZNABdHadewE/Jwo4FSwUdFLNUsIHZI+cw1KEjHt59ORR/jEOD0cxso8CXjq/u7ISaR1FgWmMiIw0IvZxPwvc1MIr/2cyyQFJunsozAVGGI82R/3uGIURGaAUMXNrJgOiCIUzJWK5gjO4srL0DqvORe1y3unUr9BMxXQMSqjKnLQFaqjO9RATURRjF7QG3q3wHq1PqzPWemKNe85Qn9kff0AA6+UEQ==</latexit>

maximize exp{f✓(xtrain )}
Z(✓)

<latexit sha1_base64="FQBWm7stb6zu92DVLGQLrDvmCN8="></latexit>

f✓ (xtrain)

<latexit sha1_base64="hJJJ1eAQrJRyq1l9WcMzyDiF6Us=">AAACGnicbVBNS8NAEN34bf2qevSyWARFKIkoeix68ahgW6EpZbOdtIubTdidiCXkXwhe/CtePCjiTbz4b9y0Paj1wcDjvRlm5gWJFAZd98uZmp6ZnZtfWCwtLa+srpXXNxomTjWHOo9lrK8DZkAKBXUUKOE60cCiQEIzuDkr/OYtaCNidYWDBNoR6ykRCs7QSp2yF3YyH/uALPclhLjrRwz7QZjd5YUBd0gz1EyoPPe16PVxr1OuuFV3CDpJvDGp1Lb9/fuv2uCiU/7wuzFPI1DIJTOm5bkJtjOmUXAJeclPDSSM37AetCxVLALTzoav5XTHKl0axtqWQjpUf05kLDJmEAW2szjc/PUK8T+vlWJ40s6ESlIExUeLwlRSjGmRE+0KDRzlwBLGtbC3Ut5nmnG0aZZsCN7flydJ46DqHVaPLr1K7ZSMsEC2yDbZJR45JjVyTi5InXDyQJ7IC3l1Hp1n5815H7VOOeOZTfILzuc30kullg==</latexit>

f✓ (xtrain)

<latexit sha1_base64="hJJJ1eAQrJRyq1l9WcMzyDiF6Us=">AAACGnicbVBNS8NAEN34bf2qevSyWARFKIkoeix68ahgW6EpZbOdtIubTdidiCXkXwhe/CtePCjiTbz4b9y0Paj1wcDjvRlm5gWJFAZd98uZmp6ZnZtfWCwtLa+srpXXNxomTjWHOo9lrK8DZkAKBXUUKOE60cCiQEIzuDkr/OYtaCNidYWDBNoR6ykRCs7QSp2yF3YyH/uALPclhLjrRwz7QZjd5YUBd0gz1EyoPPe16PVxr1OuuFV3CDpJvDGp1Lb9/fuv2uCiU/7wuzFPI1DIJTOm5bkJtjOmUXAJeclPDSSM37AetCxVLALTzoav5XTHKl0axtqWQjpUf05kLDJmEAW2szjc/PUK8T+vlWJ40s6ESlIExUeLwlRSjGmRE+0KDRzlwBLGtbC3Ut5nmnG0aZZsCN7flydJ46DqHVaPLr1K7ZSMsEC2yDbZJR45JjVyTi5InXDyQJ7IC3l1Hp1n5815H7VOOeOZTfILzuc30kullg==</latexit>



Constrastive Divergence

• Goal:                                                

• Idea: Instead of evaluating.        exactly, use a Monte Carlo estimate.

• Contrastive divergence algorithm: sample                            take step on
. Make training data more likely than typical 

sample from the model.
30

maximize exp{f✓(xtrain )}
Z(✓)

<latexit sha1_base64="FQBWm7stb6zu92DVLGQLrDvmCN8="></latexit>

Z(✓)

<latexit sha1_base64="UZwqZBeyvb5lC9H4zsGCgvgD13Y=">AAAB8nicbZDLSsNAFIYnXmu9VV26GVqEilASUXRZdOOygr1gEspkOmmHTiZh5kQIoW+hGxeKuPVp3PVtnF4W2vrDwMf/n8Occ4JEcA22PbZWVtfWNzYLW8Xtnd29/dLBYUvHqaKsSWMRq05ANBNcsiZwEKyTKEaiQLB2MLyd5O0npjSP5QNkCfMj0pc85JSAsdzHau7BgAEZnXZLFbtmT4WXwZlDpV72zp7H9azRLX17vZimEZNABdHadewE/Jwo4FSwUdFLNUsIHZI+cw1KEjHt59ORR/jEOD0cxso8CXjq/u7ISaR1FgWmMiIw0IvZxPwvc1MIr/2cyyQFJunsozAVGGI82R/3uGIURGaAUMXNrJgOiCIUzJWK5gjO4srL0DqvORe1y3unUr9BMxXQMSqjKnLQFaqjO9RATURRjF7QG3q3wHq1PqzPWemKNe85Qn9kff0AA6+UEQ==</latexit>

xsample ⇠ p✓

<latexit sha1_base64="mNWQlJ4wuFb1/wI7TLLVIx0vVNg=">AAACDHicbVC7SgNBFJ31beIjamkzGAWrsCuKlkEbSwVjAkkIs5ObZMjM7jJzNxiW/QAbf8VGRBErwQ+w80O0dvIoNPHAwOGcc7lzjx9JYdB1P52Z2bn5hcWl5Ux2ZXVtPbexeW3CWHMo8VCGuuIzA1IEUEKBEiqRBqZ8CWW/ezbwyz3QRoTBFfYjqCvWDkRLcIZWauTyN42khnCDNDFMRRJomtKaEYpGA6MDyFKbcgvuEHSaeGOSL+5+Pb71st8XjdxHrRnyWEGAXDJjqp4bYT1hGgWXkGZqsYGI8S5rQ9XSgCkw9WR4TEr3rNKkrVDbFyAdqr8nEqaM6SvfJhXDjpn0BuJ/XjXG1kk9EUEUIwR8tKgVS4ohHTRDm0IDR9m3hHEt7F8p7zDNONr+MrYEb/LkaXJ9UPAOC0eXXr54SkZYIttkh+wTjxyTIjknF6REOLkl9+SJPDt3zoPz4ryOojPOeGaL/IHz/gMpqKAf</latexit>

r✓ (f✓ (xtrain )� f✓ (xsample ))

<latexit sha1_base64="R9mB1FGQUcKA6OjYKkizS4ybWps="></latexit>



Contrastive Divergence
• Maximize log-likelihood:

• Gradient of log-likelihood:

where

• How to sample?
31

r✓f✓ (xtrain )�r✓ logZ(✓)

= r✓f✓ (xtrain )� r✓Z(✓)
Z(✓)

= r✓f✓ (xtrain )� 1
Z(✓)

R
r✓ exp {f✓(x)} dx

= r✓f✓ (xtrain )� 1
Z(✓)

R
exp {f✓(x)}r✓f✓(x)dx

= r✓f✓ (xtrain )�
R exp{f✓(x)}

Z(✓) r✓f✓(x)dx

= r✓f✓ (xtrain )� Exsample [r✓f✓ (xsample )]
⇡ r✓f✓ (xtrain )�r✓f✓ (xsample ) ,

<latexit sha1_base64="YBYu7eRqbz63A1rooCCmWxi5ffc="></latexit>

xsample ⇠ exp {f✓ (xsample )} /Z(✓)

<latexit sha1_base64="vHdm54dhHnWCDZs4D42XP5+d19g="></latexit>

max✓ f✓ (xtrain )� logZ(✓)

<latexit sha1_base64="mfMVJa19UoHJMdrQJ67+haIc/dc="></latexit>



Sampling from energy-based models

• No direct way to sample like in autoregressive or flow models. Main 
issue: cannot easily compute how likely each possible sample is

• However, we can easily compare two samples x,x′.
• Use an iterative approach called Markov Chain Monte Carlo:

1. Initialize x0 randomly, t = 0 
2. Let x′=xt+noise

• If fθ(x′) > fθ(xt), let xt+1 = x′
• Else let xt+1 = x′ with probability exp(fθ(x′) − fθ(xt))

3. Goto step 2

• Works in theory, but can take a very long time to converge
32

p✓(x) =
1R

exp(f✓(x))dx
exp (f✓(x)) =

1
Z(✓) exp (f✓(x))

<latexit sha1_base64="UClzLWhB2xU3xeTjaFtWtYurN08="></latexit>



Sampling from energy-based models
• For any continuous distribution          , suppose we can compute its 

gradient (the score function)                   .

• Let π(x) be a prior distribution that is easy to sample from. 

• Langevin MCMC.
–
– Repeat                                                                  for                                   ,

where                        .
– If ε→ 0 and               , we have                      .

• Note that for energy-based models

33

rx log p✓(x) = rxf✓(x)�rx logZ(✓)| {z }
=0

= rxf✓(x)

<latexit sha1_base64="ZUzts3P+RCPiP1BgT/YAoFmzttE="></latexit>

rx log p✓(x)

<latexit sha1_base64="zBmm++GsN7L9LlvXSpZkCxAyCRk=">AAACGHicbVBNS8NAEN3Ur1q/qh69LBahItREFD0WvXhUsCo0pUy2m3Zxswm7E7GE/Au9+Fe8eFDEqzf/jdtWUFsfDDzem2FmXpBIYdB1P53C1PTM7FxxvrSwuLS8Ul5duzRxqhlvsFjG+joAw6VQvIECJb9ONIcokPwquDkZ+Fe3XBsRqwvsJ7wVQVeJUDBAK7XLu76CQEI78yPAXhBmd3lOfRl3aWI17HGEvPrjbbfLFbfmDkEnifdNKvVNf+f+s94/a5c//E7M0ogrZBKMaXpugq0MNAomeV7yU8MTYDfQ5U1LFUTctLLhYzndskqHhrG2pZAO1d8TGUTG9KPAdg5ONOPeQPzPa6YYHrUyoZIUuWKjRWEqKcZ0kBLtCM0Zyr4lwLSwt1LWAw0MbZYlG4I3/vIkudyrefu1g3OvUj8mIxTJBtkkVeKRQ1Inp+SMNAgjD+SJvJBX59F5dt6c91FrwfmeWSd/4Hx8AUySpCo=</latexit>

rx log p✓(x)

<latexit sha1_base64="zBmm++GsN7L9LlvXSpZkCxAyCRk=">AAACGHicbVBNS8NAEN3Ur1q/qh69LBahItREFD0WvXhUsCo0pUy2m3Zxswm7E7GE/Au9+Fe8eFDEqzf/jdtWUFsfDDzem2FmXpBIYdB1P53C1PTM7FxxvrSwuLS8Ul5duzRxqhlvsFjG+joAw6VQvIECJb9ONIcokPwquDkZ+Fe3XBsRqwvsJ7wVQVeJUDBAK7XLu76CQEI78yPAXhBmd3lOfRl3aWI17HGEvPrjbbfLFbfmDkEnifdNKvVNf+f+s94/a5c//E7M0ogrZBKMaXpugq0MNAomeV7yU8MTYDfQ5U1LFUTctLLhYzndskqHhrG2pZAO1d8TGUTG9KPAdg5ONOPeQPzPa6YYHrUyoZIUuWKjRWEqKcZ0kBLtCM0Zyr4lwLSwt1LWAw0MbZYlG4I3/vIkudyrefu1g3OvUj8mIxTJBtkkVeKRQ1Inp+SMNAgjD+SJvJBX59F5dt6c91FrwfmeWSd/4Hx8AUySpCo=</latexit>

x0 ⇠ ⇡(x)

<latexit sha1_base64="tBqxTgHg59TI8PNR/hqAlfl3VIs=">AAACDHicbVDLSsNAFJ34rPVVdelmaBEqQklE0WXQjcsK9gFNLJPppB06k4SZiRhCPsCNK//DjQtF3PoB7vo3TtqC2npg4HDOucy9x4sYlco0R8bC4tLyymphrbi+sbm1XdrZbcowFpg0cMhC0faQJIwGpKGoYqQdCYK4x0jLG17mfuuOCEnD4EYlEXE56gfUpxgpLXVLFYcjNfD89D67Tc0MOpJy6ES0+qMf6pRZM8eA88Sakopddo6eRnZS75a+nF6IY04ChRmSsmOZkXJTJBTFjGRFJ5YkQniI+qSjaYA4kW46PiaDB1rpQT8U+gUKjtXfEyniUibc08l8RTnr5eJ/XidW/rmb0iCKFQnw5CM/ZlCFMG8G9qggWLFEE4QF1btCPEACYaX7K+oSrNmT50nzuGad1E6vrYp9ASYogH1QBlVggTNggytQBw2AwQN4Bq/gzXg0Xox342MSXTCmM3vgD4zPb/TOnoo=</latexit>

xt+1 ⇠ xt + ✏rx log p✓ (xt) +
p
2✏zt

<latexit sha1_base64="mWkrMNeinLL7ZGmDezD+XcKWg4s="></latexit>

t = 0, 1, 2, · · · , T � 1

<latexit sha1_base64="oqx5liN6Ys1IEyQZnyBkh6e0yhk=">AAAB/XicbVDJSgNBEO2JW4zbuNwUaQyChxhmgqIXIejFYwLZIBlCT6eTNOlZ6K4R4hA8+R9ePCji1XyHN7/Bn7CzHDTxQcHjvSqq6rmh4Aos68tILCwuLa8kV1Nr6xubW+b2TkUFkaSsTAMRyJpLFBPcZ2XgIFgtlIx4rmBVt3cz8qt3TCoe+CXoh8zxSMfnbU4JaKlp7sGVlbEzuQxu0FYAKoNLp3bTTFtZaww8T+wpSecPhsXvx8NhoWl+NloBjTzmAxVEqbptheDERAKngg1SjUixkNAe6bC6pj7xmHLi8fUDfKyVFm4HUpcPeKz+noiJp1Tfc3WnR6CrZr2R+J9Xj6B96cTcDyNgPp0sakcCQ4BHUeAWl4yC6GtCqOT6Vky7RBIKOrCUDsGefXmeVHJZ+yx7XrTT+Ws0QRLtoyN0gmx0gfLoFhVQGVF0j57QC3o1Hoxn4814n7QmjOnMLvoD4+MHraKWgg==</latexit>

zt ⇠ N (0, I)

<latexit sha1_base64="QvOOb2dfJcZ5dslPeYUG8DI/QIU=">AAACDnicbVDLSsNAFJ3UV62vqEs3Q0uhopREFF0W3ehGKtgHNLVMppN26OTBzESIIV/gxoU/4saFIm5du+vfOEm70NYDFw7n3Mu999gBo0IaxljLLSwuLa/kVwtr6xubW/r2TlP4IcekgX3m87aNBGHUIw1JJSPtgBPk2oy07NFF6rfuCRfU925lFJCuiwYedShGUkk9vWy5SA5tJ35I7mKZQEtQF2YaRiy+TirGIbza7+klo2pkgPPEnJJSrWgdPI9rUb2nf1t9H4cu8SRmSIiOaQSyGyMuKWYkKVihIAHCIzQgHUU95BLRjbN3ElhWSh86PlflSZipvydi5AoRubbqTA8Vs14q/ud1QumcdWPqBaEkHp4sckIGpQ/TbGCfcoIlixRBmFN1K8RDxBGWKsGCCsGcfXmeNI+q5nH15MYs1c7BBHmwB4qgAkxwCmrgEtRBA2DwCF7AG3jXnrRX7UP7nLTmtOnMLvgD7esHf2Oesg==</latexit>

T ! 1

<latexit sha1_base64="FZ8LcUiUzmEXuastrbEoat+ZJDg=">AAAB/XicbVDJSgNBEO2JWxy3uNy8NAbBU5gRRS9i0IvHCNkgM4SeTk/SpKdn6K5RYgj+iiAeFPHqJ3j3Iv6NneWgiQ8KHu9VUVUvSATX4DjfVmZufmFxKbtsr6yurW/kNreqOk4VZRUai1jVA6KZ4JJVgINg9UQxEgWC1YLu5dCv3TCleSzL0EuYH5G25CGnBIzUzO2Usad4uwNEqfgWe1yG0Gvm8k7BGQHPEndC8ucf9lny+GWXmrlPrxXTNGISqCBaN1wnAb9PFHAq2MD2Us0SQrukzRqGShIx7fdH1w/wvlFaOIyVKQl4pP6e6JNI614UmM6IQEdPe0PxP6+RQnjq97lMUmCSjheFqcAQ42EUuMUVoyB6hhCquLkV0w5RhIIJzDYhuNMvz5LqYcE9Khxfu/niBRoji3bRHjpALjpBRXSFSqiCKLpDD+gZvVj31pP1ar2NWzPWZGYb/YH1/gPOBJh4</latexit>

xT ⇠ p✓(x)

<latexit sha1_base64="9qhQx08CKlbMmk/j568b6da/cIU=">AAACE3icbVDJSgNBEO2JW4xb1KOXJkGICmFGFD0GvXiMkA0yYejp9CRNeha6a8QwzD940F/x4kERr1685W/sLKAmPih4vFdFVT03ElyBaY6MzNLyyupadj23sbm1vZPf3WuoMJaU1WkoQtlyiWKCB6wOHARrRZIR3xWs6Q6ux37zjknFw6AGw4h1fNILuMcpAS05+WPbJ9B3veQ+dZJaim3FfRw5iQ19BiQt/dhHTr5ols0J8CKxZqRYKdgnj6PKsOrkv+xuSGOfBUAFUaptmRF0EiKBU8HSnB0rFhE6ID3W1jQgPlOdZPJTig+10sVeKHUFgCfq74mE+EoNfVd3jk9U895Y/M9rx+BddhIeRDGwgE4XebHAEOJxQLjLJaMghpoQKrm+FdM+kYSCjjGnQ7DmX14kjdOydVY+v7WKlSs0RRYdoAIqIQtdoAq6QVVURxQ9oGf0it6MJ+PFeDc+pq0ZYzazj/7A+PwGNBmh+Q==</latexit>

rx log p✓(x) = rxf✓(x)�rx logZ(✓)| {z }
=0

= rxf✓(x)

<latexit sha1_base64="ZUzts3P+RCPiP1BgT/YAoFmzttE="></latexit>



Modern energy-based models 

34Image source: Nijkamp et al. 2019 

Langevin sampling

Face samples



Modern energy-based models 

35Image source: Du et al. 2019 
ImageNet samples



Lecture overview
• Energy-based models

• Score-based Models
– Probability distributions and Score functions
– Score-based Generative Models
– Sampling from a Score-based Model
– Latent Score-based Generative Models 

• Denoising Diffusion Models
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Lecture overview
• Energy-based models

• Score-based Models
– Probability Distribution and Score functions
– Score-based Generative Models
– Sampling from a Score-based Model
– Latent Score-based Generative Models 

• Denoising Diffusion Models
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Representations of Probability Distributions
Implicit models: directly represent the sampling process

• Cons: hard to train, no likelihood, no principled model comparisons

GAN

✏ ⇠ p(✏)

x = g(✏)
<latexit sha1_base64="mWgFYaSdVd4IcLZLLI6sFFxHtWU="></latexit>

✏ ⇠ p(✏)

x = g(✏)
<latexit sha1_base64="mWgFYaSdVd4IcLZLLI6sFFxHtWU="></latexit>
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Representations of Probability Distributions
Explicit models: represent a probability density/mass function

• Cons: need to be normalized → balance expressivity and tractability

p(x)
<latexit sha1_base64="J60PqjVNOKDb7Kg0KRV0jzKZIoc="></latexit>

Bayesian networks
(e.g., VAEs)

MRF Autoregressive
models

Flow models
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Representation of Probability Distributions
Alternative: The gradient of a probability density wrt the input dimensions

rx log p(x)
<latexit sha1_base64="Cgl6ZUeoE3ZIRFXXecX8OhaIibw="></latexit>

Score

(pdf and score)

NOT the gradient w.r.t. model 
parameters
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Score Estimation
• Given: i.i.d. samples

• Task: Estimating the score

• Score Model: A trainable vector-valued function 

• Objective: How to compare two vector fields of scores?

{x1,x2, · · · ,xN} i.i.d.⇠ p(x)
<latexit sha1_base64="iwAVhp2Hh5I6nhroT0j3Uu8Ucok="></latexit>

s✓(x) : RD ! RD
<latexit sha1_base64="kdpwsLwXE29eCKALIjrbjhWa7uE="></latexit>

s✓(x)
<latexit sha1_base64="TOksaX90IOebB1H9zWpmmQdkvIA="></latexit>

Average 
Euclidean distance 

over the space

rx log pdata(x)
<latexit sha1_base64="qWVL0l0xR7xRD2KCaTBTRv11aag=">AAACLXicbVDLSgMxFM34tr6qLt0Ei6CbMqOCLotuXCrYB3TKcCfN1GAmMyR3pGXob/gb/oBb/QMXgrjU3zB9gLb1QOBwzj3cmxOmUhh03Xdnbn5hcWl5ZbWwtr6xuVXc3qmZJNOMV1kiE90IwXApFK+iQMkbqeYQh5LXw/vLgV9/4NqIRN1iL+WtGDpKRIIBWikour6CUELgx4B3YZR3+9SXSYemgY+8i3kbEPqHv+5RUCy5ZXcIOku8MSmRMa6D4pffTlgWc4VMgjFNz02xlYNGwSTvF/zM8BTYPXR401IFMTetfPizPj2wSptGibZPIR2qfxN5dzQ4oUFsTC8ObXpwtpn2BuJ/XjPD6LyVC5VmyBUbLY8ySTGhg+poW2jOUPYsAaaFvZ+yO9DA0BZcsMV40zXMktpx2TspuzenpcrFuKIVskf2ySHxyBmpkCtyTaqEkUfyTF7Iq/PkvDkfzudodM4ZZ3bJBJzvH6m0qfk=</latexit>

rx log pdata(x)
<latexit sha1_base64="qWVL0l0xR7xRD2KCaTBTRv11aag=">AAACLXicbVDLSgMxFM34tr6qLt0Ei6CbMqOCLotuXCrYB3TKcCfN1GAmMyR3pGXob/gb/oBb/QMXgrjU3zB9gLb1QOBwzj3cmxOmUhh03Xdnbn5hcWl5ZbWwtr6xuVXc3qmZJNOMV1kiE90IwXApFK+iQMkbqeYQh5LXw/vLgV9/4NqIRN1iL+WtGDpKRIIBWikour6CUELgx4B3YZR3+9SXSYemgY+8i3kbEPqHv+5RUCy5ZXcIOku8MSmRMa6D4pffTlgWc4VMgjFNz02xlYNGwSTvF/zM8BTYPXR401IFMTetfPizPj2wSptGibZPIR2qfxN5dzQ4oUFsTC8ObXpwtpn2BuJ/XjPD6LyVC5VmyBUbLY8ySTGhg+poW2jOUPYsAaaFvZ+yO9DA0BZcsMV40zXMktpx2TspuzenpcrFuKIVskf2ySHxyBmpkCtyTaqEkUfyTF7Iq/PkvDkfzudodM4ZZ3bJBJzvH6m0qfk=</latexit>
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Score Estimation
• Given: i.i.d. samples

• Task: Estimating the score

• Score Model: A trainable vector-valued function 

• Objective: How to compare two vector fields of scores?

• Integration by parts

{x1,x2, · · · ,xN} i.i.d.⇠ p(x)
<latexit sha1_base64="iwAVhp2Hh5I6nhroT0j3Uu8Ucok="></latexit>

s✓(x) : RD ! RD
<latexit sha1_base64="kdpwsLwXE29eCKALIjrbjhWa7uE="></latexit>

rx log pdata(x)
<latexit sha1_base64="qWVL0l0xR7xRD2KCaTBTRv11aag=">AAACLXicbVDLSgMxFM34tr6qLt0Ei6CbMqOCLotuXCrYB3TKcCfN1GAmMyR3pGXob/gb/oBb/QMXgrjU3zB9gLb1QOBwzj3cmxOmUhh03Xdnbn5hcWl5ZbWwtr6xuVXc3qmZJNOMV1kiE90IwXApFK+iQMkbqeYQh5LXw/vLgV9/4NqIRN1iL+WtGDpKRIIBWikour6CUELgx4B3YZR3+9SXSYemgY+8i3kbEPqHv+5RUCy5ZXcIOku8MSmRMa6D4pffTlgWc4VMgjFNz02xlYNGwSTvF/zM8BTYPXR401IFMTetfPizPj2wSptGibZPIR2qfxN5dzQ4oUFsTC8ObXpwtpn2BuJ/XjPD6LyVC5VmyBUbLY8ySTGhg+poW2jOUPYsAaaFvZ+yO9DA0BZcsMV40zXMktpx2TspuzenpcrFuKIVskf2ySHxyBmpkCtyTaqEkUfyTF7Iq/PkvDkfzudodM4ZZ3bJBJzvH6m0qfk=</latexit>

(Fisher divergence)

Score Matching
Hyvärinen (2005)

?
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From Scores to Samples: Langevin Dynamics

Scores Follow the scores Follow noisy scores:
Langevin dynamics
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Lecture overview
• Energy-based models

• Score-based Models
– Probability Distribution and Score functions
– Score-based Generative Models
– Sampling from a Score-based Model
– Latent Score-based Generative Models 

• Denoising Diffusion Models
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Score-Based Generative Modeling

Score 
Matching

Langevin 
dynamics

Scores New samples
{x1,x2, · · · ,xN} i.i.d.⇠ pdata(x)

<latexit sha1_base64="gAmgSnAmjX02UscMwtTc53UHIv8="></latexit>

Data samples
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Data unperturbed N (0; 0.0001)
<latexit sha1_base64="vEY8ql2iNttGkThU0QQkbKB7+rI="></latexit>

Data perturbed with

Adding Noise to Data for Well-Defined Scores
• Scores can be undefined when

– The support of data distribution is on a low-dimensional manifold
– The data distribution is discrete

• Solution: adding noise

Unstable! Stable!
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Challenge in Low Data Density Regions

Inaccurate Inaccurate
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Adding Noise to Data for Better Score Estimation

• Random noise provides samples in low data density regions.

Accurate Accurate
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Sample Quality vs. Estimation Accuracy

Worse sample quality! Better score estimation!

(Red encodes error) 

49



Joint Score Estimation via 
Noise Conditional Score Networks

𝑥#

𝑥$

𝜎

𝑠%,#

𝑠%,$

�3
<latexit sha1_base64="Ul4/830jDTVn09Az1qNMeFxTM+4="></latexit>

Noise Conditional 
Score Network

(NCSN)

�1
<latexit sha1_base64="18mNNkjNU+gUJ40V0h1QgIf0VJA="></latexit>

�2
<latexit sha1_base64="coJlohA62IECat4FT54d4jsLB40="></latexit>
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Lecture overview
• Energy-based models

• Score-based Models
– Probability Distribution and Score functions
– Score-based Generative Models
– Sampling from a Score-based Model
– Latent Score-based Generative Models 

• Denoising Diffusion Models
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Annealed Langevin Dynamics
• Sample using                                sequentially with Langevin dynamics.

• Anneal down the noise level.

• Samples used as initialization for the next level.

�1,�2, · · · ,�L
<latexit sha1_base64="4U2iI4Wry6eYJzayVSyTAOzvKvA="></latexit>
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Joint Scores to 
Samples



Experiments: Sampling
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Experiments: Sample Quality

Model
Inception Score 
(higher is better)

FID score
(lower is better)

PixelCNN 4.60 65.93

EBM 6.02 40.58

SNGAN 8.22 ± 0.05 21.7

ProgressiveGAN 8.80 ± 0.05 -

NCSN (ours) 8.87 ± 0.12 25.32

CIFAR-10 Unconditional 
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Experiments: Inpainting
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Experiments: Inpainting
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Reversing the SDE for sample generation
• One can generate samples by reversing 

the perturbation process with annealed 
Langevin dynamics. 

• For infinite noise scales, we can 
analogously reverse the perturbation 
process for sample generation by using 
the reverse SDE.

57

Perturbing data to noise with a continuous-
time stochastic process.

Generating data from noise by reversing the 
perturbation procedure.



1024 x 1024 samples on FFHQ dataset

58



256 x 256 samples on LSUN Bedroom
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Sample Quality
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Lecture overview
• Energy-based models

• Score-based Models
– Probability Distribution and Score functions
– Score-based Generative Models
– Sampling from a Score-based Model
– Latent Score-based Generative Models 

• Denoising Diffusion Models
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Latent Score-based Generative Models
• Score-based generative models (SGMs) are applied directly in data 

space and often require 1000s of network evaluations for sampling. 

• Idea: Can we train SGMs in a latent space?
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Latent Score-based Generative Models

• A simple expression for the cross-entropy term in the variational loss

• A parameterization of the latent space score function, which mixes a 
Normal distribution with a learnable SGM. 

63

Also employs a SDE-based variance reduction importance 
sampling schemes to stably train deep LSGMs.



Latent Score-based Generative Models

The evolution of the latent variables under the reverse-time generative process by 
feeding latent variables from different stages along the process to the decoder to map 
them back to image space
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Latent SGM (LSGM) Samples
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Traversing in the latent space of LSGM.
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LSGM Sample Quality
• LSGM obtains the SOTA 

FID score of 2.10 on 
CIFAR-10, outperforming 
previous GANs and 
SGMs. 

• On CelebA-HQ-256, it is 
on a par with previous 
SGMs while being 50x 
to 600x faster in 
sampling.
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Conclusion
• Score-based generative modeling

– No need to be normalized / invertible
• Flexible architecture choices

– No minimax optimization
• stable training
• a natural measurement of training progress / model comparison

• Adding noise and annealing the noise levels are critical

• Better or comparable sample quality to GANs.

68



Related Work
• Generative Stochastic Networks (Bengio et al. (2013), Alain et al. (2016))

– Sampling starts close to data points.
– Need MCMC during training with walkback.

• Nonequilibrium Thermodynamics (Sohl-Dickstein et al. (2015)), Infusion 
Training (Bordes et al. (2017)), Variational Walkback (Goyal et al. (2017))

– Likelihood-based training.
– Need MCMC during training.
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Experiments: Nearest Neighbors
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Future Directions
• How to apply score-based generative modeling to discrete data?

• Theoretical guidance on how to choose noise levels?

• Better architecture for higher resolution image generation?

• Improved score estimation?
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Lecture #10 – Score-Based and Denoising Diffusion 
Models

Aykut Erdem // Koç University // Spring 2022

COMP547
DEEP UNSUPERVISED 
LEARNING

Image: Synthetic ImageNet samples the diffusion model by Dhariwal and Nichol



Good news, everyone!

• Assignment 2 deadline is 
extended to Friday, April 8. 

• Project proposals deadline is 
extended to Sunday, April 10.

7373

Image: Professor Farnsworth (Futurama)



Lecture overview
• Energy-based models

• Score-based Models

• Denoising Diffusion Models
– Diffusion Probabilistic Models
– Denoising Diffusion Probabilistic Models
– Denoising Diffusion Implicit Model 
– Applications
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Lecture overview
• Energy-based models

• Score-based Models

• Denoising Diffusion Models
– Diffusion Probabilistic Models
– Denoising Diffusion probabilistic Models
– Denoising Diffusion Implicit Model 
– Applications

75



Observation 1: Diffusion Destroys Structure 

76

• Dye density represents probability density

• Goal: Learn structure probability density

• Observation: Diffusion destroys structure

Data distribution Uniform distribution 



Idea: Recover Structure by Reversing Time

77

• What if we could reverse time?

• Recover data distribution by starting from uniform 
distribution and running dynamics backwards

Data distribution Uniform distribution 



Observation 2: Microscopic Diffusion is Time 
Reversible

78

• Microscopic view

• Brownian motion

• Position updates are small Gaussians
– Both forwards and backwards in time

Nanoparticles in water
Video credit: Rutger Saly



Overview of Diffusion Probabilistic Models

79

+ Gaussian noise

Clean Noisy

Denoising model

Slide adapted from Kiaming Song



Diffusion Probabilistic Models

80

+ Gaussian 
noise

Clean Different noise levels

Many denoising 
models

Slide adapted from Kiaming Song



Overview of Diffusion Probabilistic Models
• Destroy all structure in data distribution using diffusion process

• Learn reversal of diffusion process 

– Estimate function for mean and covariance of each step in the reverse diffusion 
process (binomial rate for binary data)
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Diffusion Probabilistic Models
• Diffusion model aims to learn the reverse of noise generation procedure

–Forward step: (Iteratively) Add noise to the original sample 
→The sample      converges to the complete noise (e.g.,            )

82
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Diffusion Probabilistic Models
• Diffusion model aims to learn the reverse of noise generation procedure

–Forward step: (Iteratively) Add noise to the original sample 
→The sample      converges to the complete noise (e.g.,            )

–Reverse step: Recover the original sample from the noise 
→Note that it is the “generation” procedure 
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Diffusion Probabilistic Models
• Diffusion model aims to learn the reverse of noise generation procedure

–Forward step: (Iteratively) Add noise to the original sample 
→Technically, it is a product of conditional noise distributions

• Usually, the parameters 𝛽t are fixed (one can jointly learn, but not beneficial)
• Noise annealing (i.e., reducing noise scale 𝛽t < 𝛽t-1) is crucial to the performance
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Diffusion Probabilistic Models
• Diffusion model aims to learn the reverse of noise generation procedure

–Forward step: (Iteratively) Add noise to the original sample 
→Technically, it is a product of conditional noise distributions

• Usually, the parameters 𝛽t are fixed (one can jointly learn, but not beneficial)
• Noise annealing (i.e., reducing noise scale 𝛽t < 𝛽t-1) is crucial to the performance

–Reverse step: Recover the original sample from the noise 
→It is also a product of conditional (de)noise distributions

→Use the learned parameters: denoiser 𝝁θ (main part) and randomness 𝚺θ
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Diffusion Probabilistic Models
• Diffusion model aims to learn the reverse of noise generation procedure

– Forward step: (Iteratively) Add noise to the original sample 
– Reverse step: Recover the original sample from the noise 

– Training: Minimize variational lower bound of the model 
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Diffusion Probabilistic Models
• Diffusion model aims to learn the reverse of noise generation procedure

– Forward step: (Iteratively) Add noise to the original sample 
– Reverse step: Recover the original sample from the noise 

– Training: Minimize variational lower bound of the model 

• It can be decomposed to the step-wise losses (for each step 𝑡)
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Diffusion Models as a kind of VAE
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A Hierarchical VAE A Diffusion Probabilistic Model
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Diffusion Probabilistic Models
• Diffusion model aims to learn the reverse of noise generation procedure

– Training: Minimize variational lower bound of the model 
• It can be decomposed to the step-wise losses (for each step 𝑡)

– Here, the true reverse step                        can be computed as a closed form of 𝛽t

• Note that we only define the true forward step 

– Since all distributions above are Gaussian, the KL divergences are tractable 
89
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Diffusion Probabilistic Models
• Diffusion model aims to learn the reverse of noise generation procedure

– Network: Use the image-to-image translation (e.g., U-Net) architectures
• Recall that input is 𝐱t and output is 𝐱t-1, both are images
• It is expensive since both input and output are high-dimensional

• Note that the denoiser 𝜇θ (𝐱t, t) shares weights, but conditioned by step t
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• Diffusion model aims to learn the reverse of noise generation procedure
– Sampling: Draw a random noise 𝒙T then apply the reverse step 

• It often requires the hundreds of reverse steps (very slow)

– Early and late steps change the high- and low-level attributes, respectively

Diffusion Probabilistic Models

91
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Diffusion Probabilistic Models – CIFAR10

92

Figure 3. The proposed framework trained on the CIFAR-10 (Krizhevsky & Hinton, 2009) dataset. (a) Example holdout data (similar to training 
data). (b) Holdout data corrupted with Gaussian noise of variance 1 (SNR = 1). (c) Denoised images, generated by sampling from the posterior 
distribution over denoised images conditioned on the images in (b). (d) Samples generated by the diffusion model. 



Lecture overview
• Energy-based models

• Score-based Models

• Denoising Diffusion Models
– Diffusion Probabilistic Models
– Denoising Diffusion Probabilistic Models
– Denoising Diffusion Implicit Model 
– Applications
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Denoising Diffusion Probabilistic Model
• DDPM reparametrizes the reverse distributions of diffusion models 

– Key idea: The original reverse step fully creates the denoiser 𝜇θ(𝐱t, t) from 𝐱t

• However, 𝐱t-1 and 𝐱t share most information, and thus it is redundant 
– Instead, create the residual 𝜖θ(𝐱t,t) and add to the original 𝐱t

• Set

94

Training resembles denoising score matching 

Sampling resembles Langevin Dynamics

Initiated the diffusion model boom!



Denoising Diffusion Probabilistic Model
• DDPM reparametrizes the reverse distributions of diffusion models 

– Key idea: The original reverse step fully creates the denoiser 𝜇θ(𝐱t, t) from 𝐱t

• However, 𝐱t-1 and 𝐱t share most information, and thus it is redundant 
– Instead, create the residual 𝜖θ(𝐱t,t) and add to the original 𝐱t

• Set 

– Formally, DDPM reparametrizes the learned reverse distribution as

and the step-wise objective 𝐿t-1 can be reformulated as
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Denoising Diffusion Probabilistic Model
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Denoising Diffusion Probabilistic Model
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Denoising Diffusion Probabilistic Model

• Training is like Denoising Score Matching. 

• Sampling is like Annealed Langevin Dynamics.

• Can we think of a denoising diffusion model as a model trained to 
optimally step through the annealing levels of the Langevin sampling 
procedure?

98Slide adapted from John Thickstun

(Like Denoising Score Matching) (Like Annealed Langevin Dynamics) 



Denoising Diffusion Probabilistic Model

99Unconditional CIFAR10 samples. Inception Score=9.46, FID=3.17.



Denoising Diffusion Probabilistic Model
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Denoising Diffusion Probabilistic Model
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Denoising Diffusion Probabilistic Model
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Lecture overview
• Energy-based models

• Score-Based Models

• Denoising Diffusion Models
– Diffusion Probabilistic Models
– Denoising Diffusion Probabilistic Models
– Denoising Diffusion Implicit Model 
– Applications
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Denoising Diffusion Implicit Model 
• DDIM roughly sketches the final sample, then refine it with the reverse 

process 

• Motivation: 
– Diffusion model is slow due to the iterative procedure 
– GAN/VAE creates the sample by one-shot forward operation 
– Can we combine the advantages for fast sampling of diffusion models? 

• Technical spoiler:
Instead of naively applying diffusion model upon GAN/VAE, 
DDIM proposes a principled approach of rough sketch + refinement 
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Denoising Diffusion Implicit Model 
• DDIM roughly sketches the final sample, then refine it with the reverse process 

– Key idea:
• Given 𝐱t, generate the rough sketch 𝐱0 and refine 
• Unlike original diffusion model, it is not a Markovian structure
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Denoising Diffusion Implicit Model 
• DDIM roughly sketches the final sample, then refine it with the reverse process 

– Key idea: Given 𝐱t, generate the rough sketch 𝐱0 and refine 

– Formulation: Define the forward distribution                        as

then, the forward process is derived from Bayes’ rule
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Denoising Diffusion Implicit Model 
• DDIM roughly sketches the final sample, then refine it with the reverse process 

– Key idea: Given 𝐱t, generate the rough sketch 𝐱0 and refine 

– Formulation: Forward process is

and reverse process is 

– Training: The variational lower bound of DDIM is identical to the one of DDPM
• It is surprising since the forward/reverse formulation is totally different
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Denoising Diffusion Implicit Model 
• DDIM significantly reduces the sampling steps of diffusion model

– Creates the outline of the sample after only 10 steps (DDPM needs hundreds)
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Denoising Diffusion Implicit Model 
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Generating CIFAR10 samples Generating CelebA samples



Denoising Diffusion Implicit Model 
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Generating LSUN Church samples Generating LSUN Bedroom samples



Denoising Diffusion Implicit Model 
• DDIM significantly reduces the sampling steps of diffusion model

– Creates the outline of the sample after only 10 steps (DDPM needs hundreds)
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Lecture overview
• Energy-based models

• Score-based Models

• Denoising Diffusion Models
– Diffusion Probabilistic Models
– Denoising Diffusion Probabilistic Models
– Denoising Diffusion Implicit Model 
– Applications

112



Diffusion Models for Image Generation
• Beat BigGAN and StyleGAN on generating high-resolution images
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Figure 1: Selected samples from our best ImageNet 512×512 
model (FID 3.85) 



Diffusion Models for Density Estimation
• Beat autoregressive models on likelihood score
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Figure 1: Autoregressive generative models were long dominant in standard image density estimation benchmarks. In 
contrast, we propose a family of diffusion-based generative models, Variational Diffusion Models (VDMs), that 
outperforms contemporary autoregressive models in these benchmarks. 



Diffusion Models for Image Editing
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Diffusion Models for Image Editing
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“zebras roaming in the field” 

“a man with red hair” “a vase of flowers”

“a girl hugging a corgi on a pedestal”



Diffusion Models for Super Resolution
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Results of a SR3 model (64×64 → 512×512), trained on FFHQ, and applied to images outside of 
the training set.



Diffusion Models are also effective for 
non-visual domains
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https://github.com/heejkoo/Awesome-Diffusion-Models

https://github.com/heejkoo/Awesome-Diffusion-Models


Diffusion Model is All We Need?
• Trilemma of generative models: Quality vs. Diversity vs. Speed

– Diffusion model produces diverse and high-quality samples, 
but generations is slow
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Summary
• New golden era of generative models

– Competition of various approaches: GAN, VAE, flow, diffusion model1 

– Also, lots of hybrid approaches (e.g., score SDE = diffusion + continuous flow) 

• Which model to use? 
– Diffusion model seems to be a nice option 

for high-quality generation 
– However, GAN is (currently) still a 

more practical solution which needs 
fast sampling (e.g., real-time apps.) 
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Next lecture: 
Strengths and Weaknesses of 

Current Models
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